We study the influence of topological defects on the spin current as well as the spin Hall effect. We find that the nontrivial deformation of the space time due to topological defects can generate a spin-dependent current which then induces an imbalanced accumulation of spin states on the edges of the sample. The corresponding spin Hall conductivity has also been calculated for the topological defect of a cosmic string. Compared to the ordinary value, a correction which is linear with mass density of the cosmic string appears. Our approach to the dynamics of non relativistic spinor in the presence of a topological defect is based on the Foldy-Wouthuysen transformation. The spin current is obtained by using the extended Drude model which is independent of the scattering mechanism.
I. INTRODUCTION
Recently the experimental observations of the spin Hall effect (SHE) have create a new research field, spintronics [1] which studies the flow of electron spin in the band structure of solids. SHE was predicted in first by [2, 3] . This effect, which occurs as a result of the spin-orbit coupling (SOC) between electrons and impurities, is called extrinsic [4] . Conversely, there are intrinsic forms of the SHE [5] [6] [7] [8] , which is caused by spin-orbit coupling in the band structure of the semiconductor and survives in the limit of zero disorder, and has became an active field of research in recent years [9] [10] [11] [12] [13] . Generally, the spin current is non conserved because of the exchange of angular momentum between the electrons and acting fields through the spin-orbital coupling. Matsuo et al. [14] discussed the angular momentum exchange between electrons and the mechanical angular momentum of condensed matter systems, and claimed that mechanical manipulation of spin currents is possible. In Ref. [15] , SHE on noncommutative space was investigated, showing that on noncommutative space, these is a preferable direction for spin flow, and deformed accumulations of spin states on the edges of the sample will occur. Based on a semiclassical approach to noncommutative quantum mechanics, SHE has also been discussed in Refs. [16, 36, 37] . In this paper, we will discuss the influence of topological defects on the intrinsic spin currents based on the extended Drude model of spin Hall effects in Ref. [8] .
Topological defects are predicted in most of the unified theories of fundamental force. In last few decades, this subject has drawn special attention in several areas of physics ranging from condensed-matter physics to cosmology [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , such as the defect formed at phase transitions in the earliest history of the universe [17] , the cosmic string [17] [18] [19] [20] , the domain wall [20] [21] [22] [23] [24] [25] , and the global monopole [26] , etc. In particular, cosmic-string theory provides a bridge between the physical descriptions of microscopic and macroscopic scales and then generates extensive discussions on various quantum problems. The influences of topological defects on the Landau levels have been investigated [27, 28] . It was shown that the presence of a cosmic string breaks the infinite degeneracy of the Landau levels. Reference [29] has also investigated the Landau quantization for a neutral particle with permanent magnetic dipole moments in a cosmic string and cosmic dislocation space time. And more recently, the relativistic and non relativistic quantum dynamics of a neutral particle with permanent magnetic and electric dipole moments were studied in the curved space time [30] . The topological Aharonov-Bohm and Aharonov-Casher effects have also been studied in the presence of a topological defect [31, 32] . In this paper, we focus on the influence of topological defects on spin currents and their deformation on the spin Hall conductivity.
The contents of this paper are organized as follows: In Sec. II, by using the Foldy-Wouthuysen transformation [33, 34] , we discuss the Pauli-Schrodinger equation in the cosmic string background, which allows us to investigate the spin-orbit interaction directly. In Sec. III, we will calculate the spin-dependent electric current and the spin Hall conductivity in the presence of a cosmic string. Finally, the conclusions are given in Sec. IV.
II. PAULI-SCHRODINGER EQUATION IN COSMIC STRING BACKGROUND
In this section, we consider the dynamics of spin-1/2 particle in the electromagnetic fields in the presence of a cosmic string. In this case, the interaction between charged spinor and electromagnetic fields involves a new minimal-coupling-like term. And then the dynamics of the Dirac particle in this curved space time is described by the generalized covariant form of the Dirac equation [35] ,
where A µ is the electromagnetic gauge potential, Γ µ (x) is the spinor connection, andγ µ (x) are the elements of coordinate dependent Clifford algebra in the curved spacetime and satisfy the relation {γ µ (x),γ ν (x)} = 2g µν (x), where g µν (x) is the matric of the space time in the presence of a topological defect. In the following, we will focus our calculations on the cosmic-string space time, and the line element is given by
where η = 1 − 4λG/c 2 is the deficit angle and λ is the linear mass density of the cosmic string. In general, the deficit angle can assume values η > 1, which corresponding to an anti-conical space-time with negative curvature. The geometry (2) corresponds to a conical singularity described by the curvature tensor R ρ,ϕ
In the formalism of vierbein (or tetrad), which allows us to define the spinors in the curved space-time, the metric has the form [35] , g µν (x) = e 
The flat space-time can be recovered for η = 1. The spinor connection Γ µ are connected to the vierbein with the relation
Here ∇ µ = ∂ µ +Γ µ is the covariant derivative determined by the geometry of background space-time, and ω µab (x) is the one connection ω ab (x) = ω µab (x)dx µ , its solutions can be obtained by using the Maurer-Cartan structure equation [32] ,
Thus in our case, only is Γ ϕ the non-zero component of spinor connection,
where
and σ 3 is the usual Pauli-matrix. From the Generalized Dirac equation (1), we can get the deformed Dirac Hamiltonian as the following form:
where π = p − q A/c is the mechanical momentum of matter particle; And for convenience, we have define
and the second order term α · Ω · Γ in (9) has been neglected. Comparing to the ordinary Dirac Hamiltonian there are three additional terms. Γ 0 behaves like an electric potential. But in our case its value is zero, and then has no influence. The term α · Γ is directly from the spin connection of the minimal-like interaction, and behaves like an hidden momentum then be able to generate a geometric phase [32] . The term c α · Ω · π is induced by the geometry of the cosmic string space-time, and is determined by g µν (x). In this sense, it represents correction of the ordinary inner-product between α and π. To obtain the non-relativistic dynamics, we divide the Hamiltonian into even and odd parts denoted by
and
respectively. So that H D = βmc 2 + O + ǫ. By using the Foldy-Wouthuysen transformation [33, 34] , which block diagonalizes the deformed Dirac Hamiltonian H D by separating the positive and negative energy part of its spectrum, the Hamiltonian H D up to the order of 1/m 2 becomes
Neglecting the rest energy in (13), the Pauli-Schrodinger equation for the upper component of Dirac spinor (correspondingly, we always use the up-left component of the matrix Γ in the following discussions). in cosmic-sring background is
where ψ now is the two component spinor, and H ps denotes the deformed Pauli-Schrodinger Hamiltonian in the presence of cosmic-string. It is consist of several parts,
The first one is the kinematic part with corrections of minimal type:
Apparently, the term Γ gives a correction to the ordinary topological Aharonov-Casher phase as discussed in Ref. [32] . The second term H z inH ps describes the Zeeman type couplings,
where B s = ( ∇ × Γ)/q and B m = c( ∇ × ( Ω · π))/q are the effective magnetic fields generated by the spin connection Γ directly and the term Ω · π which indirectly represents the geometry of the space-time. These terms can deform the Zeeman spectrum (note that, for the effective magnetic field B s in our case, it is depended on the spin orientation alongẑ, for spin-up state the effective fields are positive and for spin-down state the effective fields are negative. So, the Zeeman energies get equal shifts). These deformations then can be applied for the verification of the effects of topological defects. But here, we are not interesting in these effects. We are interesting in the third term H so in H ps which describes the generalized spin-orbital couplings,
where E s = − ∇Γ 0 /q and E m = − Ω · ∇V . In this part of the Pauli-Schrodinger Hamiltonian, the first term describes the ordinary spin-orbital interaction and can generate a nontrivial spin current as discussed in Ref. [8] ; the next two terms, which are related to the additional terms in Zeeman couplings H z , describe the effective spin-orbital interactions and are expected to generate additional spin currents which will be discussed in next section, III. The final part of the deformed PauliSchrodinger Hamiltonian H ps is the deformed Darwin term which again consists of three parts,
III. SPIN HALL EFFECT IN COSMIC STRING BACKGROUND
In this section we will calculate the spin-depended electric current on the cosmic space-time background. This is performed by incorporating spin and spin-orbital interaction into the dynamics of charge carriers as in Ref. [8] . One of the results in Ref. [8] is that the nontrivial spin current is generated by the collective operations of the external and lattice fields. So, we separate the total electric potential V ( r) acted on the charge carries into the sum of external electric potential V e ( r) and the lattice electric potential V l ( r). In the following, by employing the extended Drude model [8] we will derive an universal expression for the spin current and corresponding spin Hall conductivity which include the influence of the cosmic string.
Collecting the kinematic term and spin-orbital coupling terms in the Hamiltonian (19) we have
where E ′ = −( I − Ω) · ∇V ( r) which represents the deformation on the total electric potential V ( r) due to the nontrivial geometry of the cosmic string space-time. The Hamiltonian (20) is the general formalism for spin-orbital interaction in the cosmic string space-time. To discuss the dynamical consequences of this interaction, we will assume that at the leading order the ordinary Heisenberg equation is correct. Then by using the Heisenberg algebra for canonically conjugated variables r and p, we have˙
The third term in (21) is the cross product of the electron magnetic moment and the effective electric field in the cosmic string space-time. From (21) we have
and then˙
Substituting the (23) and (24) into (22), one can get the dynamical equation of the canonical variable r which has the form of the Newton's second law for charge carriers,
Here the ordinary Lorentz force F (q) received a contribution of spin-dependent force F ′ ( σ) which constitutes two parts: F ( σ) which is generated by the ordinary spinorbital interaction,
and F cs ( σ) which results from the presence of the cosmicstring,
Here we neglected the terms proportional to 1/c 4 . More interesting thing is that the force in (25) is equivalent to an Lorentz force,
which acts on a particle of charge q in the electric field E = − ∇V ( r) and magnetic field,
With these knowledge, the Hamiltonian (20) can be rewritten as
By solving the equation (25), we can get the universal expression of charge and spin currents. The solution is derived by employing the extended Drude model [8] which incorporates spin-orbit interaction into the dynamics of charge carriers. Such model allows one to obtain universal expression for spin Hall conductivity that is independent of the scattering mechanism, and then be able to show the influence of topological defect clearly. The details of the scattering mechanism are absorbed into the momentum relaxation time τ which is given experimentally. We assume that to the first order of approximation the velocity relaxation time τ of charge carriers is independent of σ. Because of relative smallness of the spin-dependent force, we can treat F cs ( σ) in (25) as a perturbation. The solution of (25) can be written in the form˙ r =˙ r +˙ r cs , where˙ r is the solution, that the influence of cosmic string has not been included, and is given in Ref. [8] .˙ r cs is a small η-dependent part of the velocity which also can be obtained perturbatively. In the presence of a constant external electric field E = − ∇V l ( r), from Eqs. (25) , (26) , and (27) we obtain
The right-hand side of (33) and (34) contains the volume average of electrostatic crystal potential ∂ i ∂ j V l ( r). The SHE in a cubic lattice on a commutative space has been studied in Ref. [8] . For a cubic lattice, the only invariant permitted by symmetry is
where χ is a constant which have been determined in Ref. [8] . In addition, the presence of a cosmic string deformed the geometry of the space-time. This can be seen in Eq. (34), in which both Ω ik and its derivative are involved. The derivative term contains two parts,
Both these two terms can be neglected when either the derivative of Ω along the spin polarization direction (ẑ) is zero or the term with the square of ∂ k V is so small that these terms can be neglected . So we can consider only the terms with ∂ i ∂ j V in (34) . In our case of the cosmic string,
With the help of (35) and (36), we can get the solutions of (33) and (34) as follows:
where we have also the average polar angle φ. Under the weak-field approximation, we have
The density matrix of the charge carriers in the spin space can be written as
where ρ is the total concentration of charges carrying the electric current, and λ is the vector of spin polarization of the electron fluid. From this we can get the expectation value of the total current as
where the corresponding Hall conductivities are given by
Thus we see that the presence of cosmic string background makes an important contribution to the spin Hall conductivity. Its contribution to the spin current and spin Hall conductivity is of order λG/c 2 .
IV. CONCLUSION
In summary, the influences of topological defects on spin flow as well as the spin Hall effect have been studied. Concretely, the effect of the cosmic string on spin flow is that the direction of flow is banded. This dynamical property is governed by the Pauli-Schrodinger Hamiltonian form which we can obtain the equation of motion of particles. The Pauli-Schrodinger Hamiltonian is derived by employing the Foldy-Wouthuysen transformation, which gives general information on the non relativistic dynamics of the spin-1/2 particle. In the presence of cosmic-string background, some additional terms appear compared to the ordinary one, including the corrections of Zeeman coupling and corrections of spin-orbit coupling, etc. These additional terms in the Pauli-Schrodinger Hamiltonian describe the interaction form between spin and cosmic string (or generally the topological defect). Our interest here is the spin-orbital coupling. The physical consequences of this interaction are obtained by investigating the equation of motion for position operator r, m¨ r = F (q, σ), which is a quantum analogy of the second Newton's law. Further, except for the ordinary Lorentz force, there are additional Lorentzlike forces. These new Lorentz-like forces are the origin of the bend of trajectory. So then, they result in imbalanced spin state accumulation on the edges of the sample. Based on the extended Drude model, which is independent of the scattering mechanism of the sample, this imbalanced spin state accumulation has been clearly shown by solving the "Newton equation" perturbatively. The expectation value of derived spin current gives the spin Hall conductivity in spin Hall effect. The presence of cosmic-string background makes contributions of order λG/c 2 to the spin current and spin Hall conductivity. These influences are linear and go back to the original cases for η = 1 or λ = 0.
